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We consider classes of simple 3-polytopal graphs whose edges are incident with either two 
5-gons or a 5-gon and a q-gon (q > 5). We show that the shortness coefficient is less than one 
for all q 1> 28, settle a question raised by Jendrol and Tk~i~ in a recent paper in this journal and 
prove that all the graphs in these classes are cyclically 4-edge-connected. 
1. Introduction and results 
In this paper, a graph has no loops or multiple edges and a multigraph also has 
no loops but may have multiple edges. Let P(x, y) denote a path (in a given 
graph) with end vertices x and y. For a graph G, let v(G) and h(G) denote the 
number of vertices and the length of a maximum cycle, respectively. For an 
infinite class of graphs ~d, the shortness exponent, a(~) or tr, and the shortness 
coefficient, p(~) or p, are defined (as in [3]) by 
a(~d) = lim inf log h(G) 
c~ log v(G)' 
p(~d) = lim inf h(G) 
c~ v(G)" 
Both a and p lie between 0 and 1 inclusive and p = 0 when tr < 1. 
Let G,(p, q) denote the class of 3-cormected r-valent planar graphs with faces 
of only two types, p-gons and q-gons (q >p)  and let G*(p, q) denote the class of 
duals of graphs in G,(p, q). In several papers, including [4, 6, 7, 8, 9, 10, 11], it 
has been shown that a < 1 or p < 1 for many of these classes of graphs, as well as 
for some subclasses defined by imposing extra connectivity conditions. 
Jendroi and Tk~i~ [5] define an edge of type (i, j;p, q) in a planar graph to be 
an edge incident with vertices of valency i and j and faces with p and q edges. 
Apart from the five platonic graphs and four other graphs, of types (4, 4; 3, 4), 
(3, 4; 4, 4), (4, 4; 3, 5) and (3, 5; 4, 4), every 3-connected planar graph has edges 
of at least two types. Let St(p, q) denote the class of 3-connected r-valent planar 
graphs with edges of only two types, (r, r;p, p) and (r, r;p, q), where p < q. 
Evidently St(p, q) is a proper subclass of G,(p, q) since graphs in the latter class 
are allowed also a third type of edges, (r, r; q, q). 
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In this paper we consider $3(5, q), the class of simple 3-polytopal graphs whose 
edges are incident with either two 5-gons or one 5-gon and one q-gon (q > 5). It 
is the class of graphs in G3(5, q) with no two adjacent q-gons. 
By a uniform method we construct infinitely many non-Hamiltonian graphs of 
the class $3(5, q), for all q >128. We use these graphs to prove the following 
theorem, which is our main result. 
Theorem 1. (1) p($3(5, q)) < 1 for all q >! 28. 
(2) lim sup p($3(5, q)) ~< 59/60. 
q---.~oo 
Our actual upper bound for p is very near to one for some values of q (the 
worst value, 1277/1280, is for q = 37). However, as part (2) of the theorem 
indicates, better bounds are obtained for large q. This is in contrast o some of 
the results in [11] and to [7, Theorem 2(2)], where the upper bounds obtained for 
p tend to one as q tends to infinity. 
In [5] (where actually the dual classes S~'(5, q) were studied) it was shown that 
$3(5, q) is infinite for q i> 12, provided that q ~ 1 (mod 5), and non-empty in the 
exceptional cases. The question whether $3(5, 5k + 1) is infinite for k t> 3 was left 
open [5, Remark 2]. Our next theorem, which partially duplicates these results, 
answers the question affirmatively. 
Theorem 2. $3(5, q) is infinite for all q >i 16. 
The construction used is uniform for all but the two smallest values of q. 
Let c¢(4) denote the class of all cyclically 4-edge-connected 3-connected 
trivalent planar graphs. 
Theorem 3. $3(5, q) c ~(4) for all q >I 6. 
In [2] it was proved that p(C¢(4)) >i 3. Hence, and using Theorems 2 and 3 and 
[5, Theorem 5], p($3(5, q ) )9  3 for all q >t 12. This implies, for instance, that 
o = 1 for the classes of graphs considered in Theorem 1. 
2. Constructions and proofs 
We begin by defining certain $3(5, q)-subgraphs, that is, graphs which can 
occur as induced subgraphs in graphs of the class $3(5, q). For m = 2, 3 let Vm be 
as shown in Fig. 1. Evidently the graphs Vm are planar and 3-valent, apart from 
three pairs of adjacent 2-valent vertices x/, .Yi (i = 1, 2, 3). The 2-valent vertices 
and the edges xiYi which join them in pairs will be called half vertices and half 
edges since, when a copy of Vm Occurs in a graph of the class $3(5, q), these 
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V2: Xl Yl v3: 
Xl Yl 
/ \ 
= x~~ y:~ x2 
Fig. 1. The graphs Vm. 
elements of Vm are identified with elements of other $3(5, q)-subgraphs. In 
counting the vertices of an $3(5, q)-subgraph we reckon a half vertex as ½, so 
v (V2) = 7 and v (V3) = 13. By the exterior face of Vm we mean the face (shown as 
the unbounded face in Fig. 1) whose boundary contains all the half edges. Note 
that this boundary has m edges between successive half edges. All interior faces of 
V,,, that is, all faces except he exterior face, are 5-gons. 
For all n>~l we shall use the graph denoted by /9, in [11]. It is an 
$3(5, q)-subgraph with two half edges xlyl, x2Y2 and may be defined inductively 
for all n as follows. Let D1 be as shown in Fig. 2 and for n > 1 let/9, be the graph 
obtained from/9,-1 and D1 by identifying the half edge x2Y2 of/9,_1 with the half 
edge xlyl of D1 and then deleting these labels. The boundary of the exterior face 
of/9, has 5n edges between successive half edges, the interior faces of D, are all 
5-gons and v(D,)= 20n. 
Let G be a trivalent graph which contains a copy of/9, for some n. Let C be a 
cycle in G which contains edges of both /9, and G-D,. After allowing for 
symmetry, C AD, must be of one of the following types. 
Type 1. e(xl, Y2) or P(Xl, x2). 
Type 2. P(Xl, y~) U P(x2, Y2). 
Type 3. P(x~, Yl) or P(x~, x2) U P(y~, Y2). 
Our first lemma strengthens [11, Lemma 2] which accounts for the usefulness of 
/9, in the construction of non-Hamiltonian planar graphs. 
Lemma 1. (1) I f  C N 19. is of Type 2, then v(D. )  - v(C n 19,) >>- n - 1. 
(2) I f  C n 19, is of Type 3, then v(D,) - v(C n D,) >>- n. 
Xl , X2 
Yl 'Y2 
Fig. 2. D 1. 
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Proof .  In the case n = 1, (1) is trivial and (2) follows from [1, Lemmas 2.1 and 
2.2]. For general n, D,, is the union of n copies of Dt (with half edges identified), 
so C n Dn is the union of n intersections C n D~. If C n D~ is of Type 2, then one 
intersection C O Dx must be of Type 2 and the other n - 1 of Type 3. If C n D~ is 
of Type 3, then all n intersections C n D1 must be of Type 3. Both parts of the 
lemma follow. [] 
It is known (and easily verified) that D 1 can be spanned by a path of type 
P(xl, Y2). The union of n such paths, each with one edge in common with the 
next, in n joined copies of D1 is a path of type P(xI, Y2) spanning Dn. Thus C can 
span Dn if C n D~ is of Type 1. 
To construct graphs of the class $3(5, q), where q is given, we take copies of Vm 
and Dn (with suitable values of m and n) and join them together by identifying 
half edges. To specify the pattern of joins and the values of m and n, we use a 
2-connected trivalent planar multigraph (or graph) with suitable labels. A vertex 
with label rn denotes Vm, an edge with label n denotes.Dn and incidence between 
the vertex and edge indicates that Vm and D~ have a half edge identified. An 
unlabelled edge (or an edge with label 0) joining vertices with labels m and m' 
indicates that the corresponding copies of Vm and Vm, have a half edge identified. 
The success of the construction depends on the possibility of choosing the 
parameters m and n so that all faces of the final graph, other than interior faces of 
copies of Vm or D~, are q-gons. In any case the final graph is 3-connected. 
For the proof of Theorem 1 our construction starts with the graph of the cube, 
with labels as shown in Fig. 3. If we take t of the vertex labels a, b, c and d to 
denote 3 and the other 4-t to denote 2, then the transformed graph, which we 
denote by Go, will be in the class $3(5, q), where q = 8 + 10r + 5s + t. If q >/28, 
then q can be expressed uniquely in this form with r >t 2, s = 0 or 1 and 0 ~< t ~< 4. 
The next lemma shows that Go is non-Hamiltonian. 
Lemma 2. v(Go) - h(Go) >12(r - 1). 
l~rooL Let C be any cycle in Go. It corresponds, in an obvious way, to a closed 
walk W in the graph of the cube, where W does not use any edges more than 
r 
r $ 
Fig. 3. Construction f Go for q I> 28. 
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twice. At most two of the three edges of the cube incident at a vertex with the 
label a can be traversed exactly once in W, so at most two of the corresponding 
copies of Dr in Go have Type 1 intersections with C. By Lemma 1, and since there 
are two vertices of the cube with the label a, v (Go) -  v (C)~>2(r -  1). This 
implies the lemma. [] 
Let L = Go - D2, the $3(5, q)-subgraph obtained from Go by deleting one copy 
of/92. (It does not matter which copy of/92 is chosen.) Since the deleted copy of 
/92 had two half edges, L also has two half edges. When L occurs in a trivalent 
planar graph, it contributes q-10 edges to each of the two faces adjoining it. 
Now take the graph of the cube minus one edge and transform it into an 
$3(5, q)-subgraph X as indicated in Fig. 4. Vertices with labels and edges without 
labels have the same significance as in Fig. 3 and edges with the label L denote 
copies of L. There are two half edges in X, which correspond to the two 2-valent 
vertices in Fig. 4. When X occurs in a trivalent planar graph, it contributes ten 
edges to each of the two faces adjoining it and in this respect X resembles/92. 
Hence the class $3(5, q) is closed under the replacement of/)2 by X. 
The graph L contains k = 6 Jr/2] - 1 copies of D2, pairwise disjoint apart from 
their half edges. We define a sequence of graphs (Gn) in $3(5, q), starting with 
Go, as follows. For n t> 1, let Gn be the graph obtained from Gn_l by replacing all 
k copies of/92 in a single copy of L by copies of X. Evidently 
v(G~) = v(Go) + nk[v(X)  - o(O2)1. 
In order to find an upper bound to the lengths of cycles in Gn, another lemma is 
required. 
Lemma 3. Let G be a graph in $3(5, q) which contains a copy of  L. Let C be a 
cycle in G which contains edges of both L and G-  L. Then C misses at least 
2(r - 2) vertices of  L when r >I 3 and at least one vertex when r = 2. 
Proof. Instead of C n L we may consider Co O L, where Co is a cycle in Go. We 
use Lemmas I and 2. The cycle Co misses fewest vertices of L if it is a maximum 
cycle in Go and has Type 3 intersections with the two copies of D1 outside L. This 
®. 
Fig. 4. The graph X. 
,) 
i 
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occurs when these copies of/)1 lie in a copy of Dr in Go such that Co O Dr is of 
Type 2. In this case, the number of vertices missed by C from the part of this 
copy of Dr in L is r - 3 when r ~> 3 and zero when r = 2. Since Co also misses r - 1 
vertices from a complete copy of Dr in L such that Co n Dr is of Type 2, the 
lemma follows. [] 
When an_ 1 is converted into G,,, one copy of L is destroyed but 2k new copies 
are introduced. Hence, and by Lemmas 2 and 3, 
v(G,,) - h(G,,) >12(r - 1) + n(2k - 1)- 2(r - 2), 
when r >/3. Since p($3(5, q)) ~< lim,,__,= h(G,,)/v(G,,), it follows that 
(2k -  1)- 2 ( r -  2) 
P(S3(5, q) )  ~ l - <1,  k[v(x)- v(O2)] 
when r ~> 3. The corresponding inequality when r = 2 has 1 in place of the 
numerator factor 2(r - 2). This completes the proof of Theorem 1(1). It is easy to 
show that v (X) - v (/)2) = 24(q - 5), so two particular cases of our inequality are 
p($3(5, 28)) ~ 1 - 3/920, p($3(5, 37)) ~< 1 - 3/1280. 
Our upper bound is nearest o one in the case q = 37. By letting q tend to infinity 
we obtain Theorem 1(2). 
Now we prove Theorem 2. We have already constructed infinitely many graphs 
in $3(5, q) for all q I> 28. Only a minor change is needed to obtain a construction 
which is applicable for all q I> 18, since we are no longer concerned whether the 
graphs are non-Hamiltonian. For q I> 18 we can write q = 8 + 5s + t, where s I> 2 
and 0 <~ t ~< 4. Then we can construct Go just as before, except hat the label r in 
Fig. 3 is to be deleted. Note that Go still contains copies of D2, so no change is 
needed in the definitions of L, X and (G,,). 
When q=16 or 17, we can define Go as shown, on the left or right 
(respectively), in Fig. 5. The labels have their usual significance and an unlabelled 
vertex denotes V2. We can define L, X and (Gn) exactly as before. This 
completes the proof of Theorem 2. 
Fig. 5. Construction of Go for q = 16, 17. 
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3. Proof of Theorem 3 
The proof is by contradiction. Suppose that there is a graph G in $3(5, q) which 
is not cyclically 4-edge-connected. Since G is nevertheless 3-connected, it has an 
induced subgraph H containing a cycle and joined by exactly three edges to 
G-  H, which also contains a cycle. We may assume that v(H)<~ v(G-  H) and 
that H is minimal, that is, H has no proper subgraph with the same properties. 
Because no face of G has fewer than five edges, v(H)>I 5. 
Let xiyi (i = 1, 2, 3) be the edges which join H to G - H, with the end vertices 
Xg in H (see Fig. 6). As v(H) >15, H - {Xl, x2, x3} is not null, so {Xl, x2, x3} is a 
vertex cut of G. Since G is 3-connected the vertices xi are all distinct. Similarly, 
the vertices Yi are all distinct. 
Let f~ (i = 1, 2, 3) be the faces of G incident with vertices of both H and G - H, 
as shown. These faces are pairwise adjacent so, by the definition of $3(5, q), at 
most one is a q-gon. Suppose, then, that fl and f2 are 5-gons and (for j = 1, 2) let 
zj denote the vertex of fj that is not one of the vertices xg or y~. If zl and z2 are 
both in H, then Y2Y3 and YlY3 are edges of G and {y~, Y2} is a 2-vertex cut of G. 
This is impossible since G is 3-connected, so at least one of the vertices zj is in 
G - H. If zl is in G - H, then x2x3 is an edge of G. Define K = H - {x2, x3}. In 
this case exactly three edges join K to G-  K (incident at Yl, x2, x3). Now 
v(K) = v(H) - 2 >I 3 and, if K were a tree, then there would be v(K) + 2 > 3 
edges joining K into G - K. Hence K must contain a cycle. This now contradicts 
the minimal property of H. The theorem follows. [] 
4. Remarks 
It is easy to construct a non-Hamiltonian member of the class Sa(5, 24 + t) for 
t = 0, 1 or 2. In fact, take the trivalent multigraph on two vertices, replace each 
edge by a copy of DE, t vertices by copies of V3 and 2-t vertices by copies of V2 
and then join these subgraphs by identifying half edges as before. The resulting 
graph Go is non-Hamiltonian but does not lead in any obvious way to an infinite 
sequence of non-Hamiltonian graphs of the same class. We therefore pose two 
problems. 
Problem 1. Find whether p($3(5, q)) < 1, for q = 24, 25 or 26. 
Problem 2. Find which of the classes $3(5, q), where q = 27 or 12 ~< q <~ 23, 
contain non-Hamiltonian graphs. 
f2 
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